
Model Question 7 : Mathematics Honours

1(i): Prove that a cyclic group of prime order has no proper non-trivial sub-
group.

(ii): Let G be an abelian group of order 10 containing an element of order 5.
Prove that G must be a cyclic group.

2(i): Prove that every group of order less than 6 is commutative.
(ii): G is a non-commutative group of order 10. Prove that G must have a

subgroup of order 5.
3: Let G be a group of order n and H be a subgroup of G. Then prove that
◦(H)|◦(G). Is the converse of the above statement true? Justify your answer.

4(i): Let G be a group in which (ab)3 = a3b3 ∀a, b ∈ G. Prove that H = {x3 :
x ∈ G} is a normal subgroup of G.

(ii): Find all elements of order 10 in the group (Z30,+).
5(i): Let H be a normal subgroup of a group G. Prove that the quotient group
G/H is Abelian if and only if xyx−1y−1 ∈ H,∀x, y ∈ G.

(ii): Let G be a group and a ∈ Z(G). Prove that < a > is a normal subgroup
of G.

6(i): If a|b and a|c then a|(bx+cy) for arbitrary integers x and y.
(ii): If d=gcd(a,b), then a

d
and b

d
are integers prime to each other.

7(i): Prove that for all n ∈ N , (2 +
√

3)n + (2−
√

3)n is an even integers.
(ii): Use the principle of induction to prove that 2.7n + 3.5n− 5 is divisible by

24 for all n ∈ N .
(iii): Prove that 1+2+.......+n is a divisor of 1r + 2r + 3r + ....+nr for any odd

positive integer r.
8(i): If a is prime to b, prove that a+b is prime to ab.
(ii): Show that gcd(a, a+2)=1 or 2 for every integer a.
9(a): Prove that matrix multiplication is associative.
(b): If AB = B and BA = A show that A is idempotent.
10(a): Three matrices A,B,C are such that A 6= 0 and AB = AC. Can you

conclude B = C?
(b): A square matrix can be uniquely expressed as the sum of a symmetric

and a skew-symmetric matrix-Prove it.
11: If A = (aij) be an n × n matrix and Ars be the co-factor of ars in detA,

then prove that det(Aij) = [det(aij)]
n−1.

12: Prove that

∣∣∣∣∣∣∣∣
a b c d
−b a d −c
−c −d a b
−d c −b a

∣∣∣∣∣∣∣∣ = (a2 + b2 + c2 + d2)2.

13(a): If A be an invertible matrix then prove that A−1 is invertible and
(A−1)−1 = A.

(b): A is a skew-symmetric Hermitian matrix and I + A is non-singular, I
being the identity matrix. Prove that (I + A)−1(I − A) is unitary.
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14: Using elementary row operations, find A−1 if A =

 1 0 1
3 4 5
2 3 4

.

15: For what value of a the system of equations is consistent? Solve completely
in each case:

x− y + z =1

x+ 2y + 4z =a

x+ 4y + 6z =a2.

16(i): If a first order and first degree differential equation has a solution, show
that it has infinite number of integrating factors.

(ii): Solve: (x3 + xy4)dx + 2y3dy = 0.
17: Solve by the method of variation of parameter of the differential equation
e−y dy

dx
− y = 1.

18: Reduce the differential equation (px− y)(py+ x) = h2p to Clairaut’s form
by the transformation u = x2, v = y2. Hence, obtain its complete integral.

19(i): Show that the family of parabolas y2 = 4a(x+ a) is self orthogonal.
(ii): Obtain the singular solution, if any, of the differential equation 4p2 = 9x.

20(a): Solve the differential equation (x2 + 1) d
2y
dx2
− 2x dy

dx
+ 2y = 0 by reducing

order.
(b): Solve the differential equation (D2 − 1)y = 25xex sinx.
(c): Obtain a solution which is linearly independent to a known solution y = ex

of the differential equation (1− x) d
2y
dx2

+ x dy
dx
− y = 0, x 6= 1 and hence obtain

its general solution.
21(a): Reduce the Cauchy-Euler homogeneous equation to an equation with

constant coefficient:
x2 d

2y
dx2
− 3x dy

dx
+ 4y = 0.

(b): Obtain a particular integral for the differential equation (D2 +D− 2)y =
ex.

22(a): A particle falls towards the Earth from infinity. Find it’s velocity on
reaching the Earth.

(b): If h be the height due to the velocity v at the Earth’s surface supposing
its attraction is constant and H the corresponding height when the variation
of gravity is taken into account, prove that 1

h
− 1

H
= 1

r
.

23: A particle moves along the axis of x starting from the rest at x = a.For an
interval t1 from the beginning of the motion the acceleration is −µx, for a
subsequent time t2 the acceleration is µx, and at the end of this interval the
particle is at origin. Prove that tan (t1

√
µ) tanh (t2

√
µ) = 1.

24: A point execute S.H.M such that in two of its portions velocities are u
and v and the two corresponding acceleration are α and β; Show that the

distance between two portion is
(
v2−u2
α+β

)
and the amplitude of the motion is

{(v2 − u2)(α2v2 − β2u2)}1/2/(β2 − α2).
25: A light elastic string of elasticity modulus λ is stretched to double its length

and is tied to two fixed points distance 2a apart. A particle of mass m tied
to its middle points, is displaced in the line of the string trough a distance
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equal to half of its distance from the fixed and released. Prove that the time

of a complete oscillation is π
(
am
λ

)1/2
and maximum velocity is

(
aλ
m

)1/2
.

26: Consider a body of mass m projected with the velocity u at an angle α with
the horizontal. Derive expressions for the range, greatest height attained and
time of flight of the projectile. Also deduce the path.

27: A particle, projected with velocity u, acted on by a force which produces a
constant acceleration f in the plane of motion. Obtain the intrinsic equation
of curve described, and show that the particle will be moving in opposite

direction to that of the projection at time
(

u
f cosα

)
(eπ cotα − 1).

28: Consider a system of equations specifying the relation between the cylin-
drical polar coordinates xi and the rectangular Cartesian coordinates yi as
follows:

y1 =x1 cosx2

y2 =x2 sinx2

y3 =x3.

Obtain the cylindrical coordinate system in terms of rectangular Cartesian
coordinate system.

29: Find the cylindrical coordinates of the point whose rectangular Cartesian
coordinates are (6, 8, 5).

30: Define contravariant vector. Evaluate δikδ
k
l δ

l
i.

*******************************


